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$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=\beta xv-ay$ , $\frac{dv}{dt}=ary-bv$ (1)
1796 2012 1-14 1
$x$ : $y$ : $v$ : $x$
(1) $f(x)$
$R_{0}>1$ $(x^{*}, y^{*}, v^{*})$ $U$
$U( x)=(x-x^{*}\log x)+(y-y^{*}\log y)+\frac{1}{r}(v-v^{*}\log v)$






















$H(t)=t-1-\log t$ $c$ $x(t)$ $U_{\tau}(x_{t};c)$







$V(x)$ $x$ $C^{1}$ $x(t)$ (5)
$\frac{dV(x(t))}{dt}=\nabla V(x)\cdot f(x)$ . (6)
DDE $\circ$ $x_{t}$ $x_{t}(s)=x(t+s)$
$\frac{dx}{dt}=f(x)+g(x, x_{t})$ . (7)
$x^{*}$ (5) (7) $x(t)$ (7)
$\frac{dV(x_{t})}{dt}=\nabla V(x)\cdot(f(x)+g(x, x_{t}))=\nabla V(x)\cdot f(x)+\nabla V(x)\cdot g(x, x_{t})$ .
ODE DDE
1. DDE $0$ ODE
ODE Volterra $V_{0}$
2. $V_{0}$ ODE $\nabla V(x)\cdot f(x)$
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2.5 Intracellular delay model
Nowak-Bangham intracellar delay
Li and Shu[11]
$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=e^{-d\tau}\beta(xv)(t-\tau)-ay$, $\frac{dv}{dt}=ary-bv$ (8)
$(e^{-d\tau}x^{*}v^{*})t$ $t$ $\tilde{\tau}=(e^{-d\tau}x^{*}v^{*})\tau,$ $e^{-d\tau}x^{*}v^{*}$
$\frac{dx}{dt}=\tilde{\lambda}-\tilde{d}x-\tilde{\beta}xv$, $\frac{dy}{dt}=\frac{(xv)(t-\tilde{\tau})}{x^{*}v^{*}}-\frac{y}{y}*$ , $\frac{dv}{dt}=\tilde{a}ry-\tilde{b}v$ (9)
ODE
$\frac{dx}{dt}=\tilde{\lambda}-\tilde{d}x-\tilde{\beta}xv$ , $\frac{dy}{dt}=\frac{xv}{xv}*-\frac{y}{y}$ , $\frac{dv}{dt}=\tilde{a}ry-\tilde{b}v$ (10)
Korobeinikov [9] $V$
































DDE Kajiwara et al. [7]
3.1
$h>0$
$f(t)\geq 0$ $f$ $[0, h]$ 1
$\frac{dx}{dt}=\lambda-dx-\beta xv$, $\frac{dy}{dt}=\beta’\int_{0}^{h}f(\tau)(xv)(t-\tau)d\tau-ay$, $\frac{dv}{dt}=ary-bv$ (11)
$(x^{*}, y^{*}, v^{*})$ ODE
$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=\beta’xv$ –aor. $\frac{dv}{dt}=ary-bv$ (12)
$(x^{*}, y^{*}, v^{*})$
$V_{0}( x)=\frac{\beta’}{\beta}(x-x^{*}\ln x)+y-y^{*}\ln y+\frac{1}{r}(v-v^{*}\ln v)$







Liu et al. [12]
$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=e^{-d\tau}\beta(xv)(t-\tau)-ay$ , $\frac{dv}{dt}=are^{-a\omega}y(t-\omega)-bv$ (13)
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$V_{0}$








$\frac{dS}{dt}=\Lambda-dS-\beta SI(t-\tau)$ , $\frac{dE}{dt}=\beta SI(t-\tau)-(a+d)E$ , $\frac{dI}{dt}=aE-(b+d)I$ ,
intracellar delay $V_{0},$ $V+$
$V_{0}( x)=S-S^{*}\log S+E-E^{*}\log E+\frac{a+d}{d}(I-I^{*}\log I)$ , $V_{1}( x_{t})=\int_{0}^{\tau}H(\frac{I(t-\eta)}{I^{*}})d\eta$
$V(x_{t})=V_{0}(x)+\beta x^{*}v^{*}V_{1}(x_{t})$
3.4 (nonlinear incidence)
$\circ$ f(x, v) incidence function
$\frac{dx}{dt}=\lambda-dx-f(x, v)$ , $\frac{dy}{dt}=e^{-d\tau_{1}}f(x(t-\tau_{1}), v(t-\tau_{1}))-ay$ , $\frac{dv}{dt}=are^{-a\tau_{2}}y(t-\tau_{2})-bv(14)$
Korobeinikov [9]
$(1- \frac{f(x^{*},v^{*})}{f(x,v^{*})})(x-x^{*})\geq 0$ , $\frac{f(x,v)}{f(x,v^{*})}-\frac{v}{v^{*}}-1+\frac{v}{v}\frac{f(x,v^{*})}{f(x,v)}*\leq 0$
$f_{x}>0,$ $f_{v}>0,$ $f_{vv}<0$ (Huang and Takeuchi [3])
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$V_{0},$ $V_{1},$ $V_{2}$
$V_{0}( x)=e^{-d\tau_{1}}(x-\int_{x}^{x}\frac{f(x^{*},v^{*})}{f(w,v^{*})}dw)+(y-y^{*}\ln y)+\frac{1}{re^{-a\tau}2}(v-v^{*}\ln v)$
$V_{1}( x_{t})=\int_{0}^{\tau_{1}}H(\frac{f(x(t-\eta),v(t-\eta))}{x^{*}v^{*}})d\eta$ , $V_{2}( x_{t})=\int_{0}^{\tau_{2}}H(\frac{y(t-\eta)}{y}*)d\eta$
[9] $V_{0}$ $0$ ODE $V$
$V(x, x_{t})=V_{0}(x)+e^{-\mu_{1}\tau_{1}}f(x^{*}, v^{*})V_{1}(x_{t})+e^{-\mu_{1}\tau_{1}}f(x^{*}, v^{*})V_{2}(x_{t})$.
$\frac{dV(x(t),x_{t})}{dt}=-d(1-\frac{f(x^{*},v^{*})}{f(x,v^{*})})(x-x^{*})$
$+f(x^{*}, v^{*})(4- \frac{f(x^{*},v^{*})}{f(x,v^{*})}-\frac{y^{*}}{y}\frac{f(x(t-\tau_{1}),v(t-\tau_{1}))}{f(x^{*},v^{*})}-\frac{v^{*}y(t-\tau_{2})}{vy^{*}}-\frac{v}{v}*\frac{f(x,v^{*})}{f(x,v)}$
$- \ln\frac{f(x(t-\tau_{1}),v(t-\tau_{1}))y(t-\tau_{2})}{f(x,v)y})+f(x^{*}, v^{*})(\frac{f(x,v)}{f(x,v^{*})}-\frac{v}{v^{*}}-1+\frac{v}{v}*\frac{f(x,v^{*})}{f(x,v)})\leq 0$
$V$ DDE(14) Huang et al. [3] (2.1)
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Huang et al. [4] $x,$ $y,$ $v$ Nowak-Bakgham
$z$
$\frac{dx}{dt}=\lambda-dx-f(x, v)$ , $\frac{dy}{dt}=e^{-\mu_{1^{\mathcal{T}}1}}f(x(t-\tau_{1}), v(t-\tau_{1}))-ay-pyz$,
(15)
$\frac{dv}{dt}=are^{-\mu_{2^{\mathcal{T}}2}}y(t-\tau_{2})-bv$, $\frac{dz}{dt}=qyz-mz$ .
$f(x, v)$ $f_{x}>0,$ $f_{v}>0,$ $f_{vv}<0$ $(\hat{x},\hat{y},\hat{v},\hat{z})$
4.1 (15) $0$ ODE $V_{0}$
$V_{0}( x)=e^{-\mu_{1}\tau_{1}}(x-\int_{\hat{x}}^{x}\frac{f(\hat{x},\hat{v})}{f(\tau,\hat{v})}d\tau)+y-\hat{y}\log y+\frac{(a+p\hat{z})}{are^{e^{-\mu_{2^{\mathcal{T}}2}}}}(v-\hat{v}\log v)+\frac{p}{q}(z-\hat{z}\log z)$
$\nabla V_{0}(x)\cdot f(x)$ $(\hat{x},\hat{y},\hat{v},\hat{z})$
$V_{1},$ $V_{2}$






$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=\beta xv-ay-pyz$ , $\frac{dv}{dt}=ary-bv$ , $\frac{dz}{dt}=qy(t-\omega)z(t-\omega)-ez$
Huang et al. [4] stability switch
3.6 Multi-group model
epidemic model Guo et al. [2]
ODE DDE
Li et al. [10] DDE
$\frac{dS_{k}}{dt}=\Lambda_{k}-d_{k}S_{k}-\sum_{j=1}^{n}\beta_{kj}S_{k}I_{j}(t-\tau_{j})$ , $\frac{dI_{k}}{dt}=-\sum_{j=1}^{n}\beta_{kj}S_{k}I_{j}(t-\tau_{j})-a_{k}I_{k}$ , $(k=1, \ldots, n)(16)$
$(S_{1}^{*}, \ldots , S_{n}^{*}, I_{1}^{*}, \ldots, I_{n}^{*})$
$n$ unicyclic graph $l$
$\mathcal{D}(n, l)$ $Q\in \mathcal{D}(n, l)$ $Q$ $l$
$CQ$ $E(CQ)$ $E(Q)$ $CQ$ $Q$ (edge) $n$
$k$ rooted tree $v_{k}$
$v_{k}= \sum$ $\prod$ $\overline{\beta}_{jh}$
$T\in T_{k}(j,h)\in E(T)$
Guo et al. [2] $V_{0},$ $W_{j}$
$V_{0}= \sum_{k=1}^{n}v_{k}(S_{k}-S_{k}^{*}\ln S_{k}+I_{k}-I_{l}^{*}\ln I_{k})$ , $W_{j}( x_{t})=\int_{0}^{\tau_{j}}H(\frac{I_{j}(t-h)}{I_{j}^{*}})dh$,
$V$
$V( x_{t})=V_{0}(x)+\sum_{j=1}^{n}\sum_{k=1}^{n}v_{k}\overline{\beta}_{kj}W_{j(X_{t})}$
$V$ (16) Guo et al. [2]
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$\varphi_{k},$ $f_{j},$ $c_{k},$ $g_{k},$ $\psi_{k,q_{k}}$ (Yuan and Wang [16]) DDE
$\frac{dS_{k}}{dt}=\varphi_{k}(S_{k})-c_{k}(S_{k})\sum_{j=1}^{n}\beta_{kj}f_{j}(I_{j}(t-\tau_{j}))$ , $\frac{dE_{k}}{dt}=c_{k}(S_{k})\sum_{j=1}^{n}\beta_{kj}f_{j}(I_{j}(t-\tau_{j}))-\mu_{k}g_{k}(E_{k})$ ,
$\frac{dI_{k}}{dt}=\gamma_{k}g_{k}(E_{k})-\alpha_{k}\psi_{k}(I_{k}))$, $\frac{dR_{k}}{dt}=p_{k}\psi_{k}(I_{k})-q_{k}(R_{k})$
3.7 Differential infectivity
Bonzi et al. [1] 39-64 differential susceptibility with
staged progression infectivity model $\circ$ n susceptible class $m$ infected class
$\frac{dS_{i}}{dt}=\Lambda_{i}-\mu s_{i}S_{i}-\sum_{j=1}^{m}\beta_{ij}S_{i}I_{j}(t-\tau_{j})$ $(i=1, \ldots, n)$
(17)
$\frac{dI_{1}}{dt}=\sum_{i=1}^{n}\sum_{j=1}^{m}\beta_{ij}S_{i}I_{j}(t-\tau_{j})-\alpha_{1}I_{1}$, $\frac{dI_{j}}{dt}=\gamma_{j-1}I_{j-1}-\alpha_{j}I_{j}$ $(j=1, \ldots, m)$
$(S_{1}^{*}, \ldots, S_{n}^{*}, I_{1}^{*}, \ldots, I_{m}^{*})$
$m$ $A$
$A=\{\begin{array}{llllll}-\alpha_{1} 0 0 \cdots 0 0\gamma_{1} -\alpha_{2} 0 \cdots 0 00 \gamma_{2} -\alpha_{3} .\cdot 0 0| | | | |0 0 0 .\cdot \gamma_{m-1} -\alpha_{m}\end{array}\}$
$(m, n)$ $B$ $(i,j)$ $\beta_{ij}$ Bonzi et al. [1] $V_{0}$
$V_{0}=\langle S$ –diag$(S^{*})\ln S|1\rangle+\langle B(-A^{-1})(I$ –diag$(I^{*})\ln I|S^{*}))$
$V_{j},$ $V$
$V_{j}( x_{t})=\int_{0}^{\tau_{j}}H(\frac{I_{j}(t-h)}{I_{j}^{*}})dh$, $V( x_{t})=V_{0}(x_{t})+\sum_{i=1}^{n}\sum_{j=1}^{m}\beta_{ij}S_{i}^{*}I_{j}^{*}V_{j}$






$\frac{dx}{dt}=\lambda-dx-f(x, v)$ , $\frac{dy}{dt}=e^{-\mu_{1^{\mathcal{T}}1}}f(x, v)-ay-pyz$ ,
$\frac{dv}{dt}=are^{-\mu_{2}\tau_{2}}y-bv$ , $\frac{dz}{dt}=q$ $mz$ .
(18)
$(\hat{x},\hat{y},\hat{v},\hat{z})$ $f(x, v)$ $f_{x}>0,$ $f_{v}>0,$ $h_{v}<0$
$(1- \frac{f(\hat{x},\hat{v})}{f(x,\hat{v})})(x-\hat{x})\geq 0$ , $(f(x, v)-f(x, \hat{v}))(\frac{f(x,v)}{v}-\frac{f(x,\hat{v})}{\hat{v}})\leq 0$ (19)
ODE $(\hat{x},\hat{y},\hat{v})$
$\frac{dx}{dt}=\lambda-dx-f(x, v)$ , $\frac{dy}{dt}=e^{-\mu_{1}\tau_{1}}f(x, v)-(a+p\hat{z})y$ , $\frac{dv}{dt}=are^{-\mu_{2^{\mathcal{T}}2}}y-bv$ , (20)
(20) $g(x)$ $U$
$U( x)=e^{-\mu_{1}\tau_{1}}(x-\int_{\hat{x}}^{x}\frac{f(\hat{x},\hat{v})}{f(\tau,\hat{v})}d\tau)+y-\hat{y}\log y+\frac{(a+p\hat{z})}{are^{e^{-\mu_{2^{\mathcal{T}}2}}}}(v-\hat{v}\log v)$




$\frac{dx}{dt}=\lambda-dx-f(x, v)$ , $\frac{dy}{dt}=e^{-\mu_{1}\tau_{1}}f(x, v)-(a+p\hat{y})z+p(\hat{z}-z)y$,
$\frac{dv}{dt}=are^{-\mu_{2}\tau_{2}}y-bv$ , $\frac{dz}{dt}=q(y-\hat{y})z$ .
(21)
$V( x)=e^{-\mu_{1}\tau_{1}}(x-\int_{x}^{x}\frac{f(\hat{x},\hat{v})}{f(\tau,\hat{v})}d\tau)+y-\hat{y}\log y+\frac{(a+p\hat{z})}{are^{e^{-\mu_{2^{\mathcal{T}}2}}}}(v-\hat{v}\log v)+\frac{p}{q}(z-\hat{z}\log z)$
11
$\nabla V(x)\cdot f(x)$
$\nabla V(x)\cdot f(x)=\frac{\partial U}{\partial x}\cdot\frac{dx}{dt}+\frac{\partial U}{\partial y}(e^{-\mu_{1}\tau_{1}}f(x, v)-(a+p\hat{y})z)+\frac{\partial U}{\partial v}\cdot\frac{dv}{dt}$
$+(1- \frac{\hat{y}}{y})p(\hat{z}-z)y+\frac{p}{q}(1-\frac{\hat{z}}{z})q(y-\hat{y})z$




( ) Pang $et$
al. [15]
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$u\geq 0$ ODE $u=1$
$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=\beta xv-ay$ , $\frac{dv}{dt}=ary-bv-u\beta xv$ (22)
$(\tilde{x},\tilde{y},\tilde{v})$ Iggidr et al. [5]
ODE
$\frac{dx}{dt}=\lambda-dx-\beta xv$ , $\frac{dy}{dt}=\beta xv-ay$ , $\frac{dv}{dt}=ary-(b+u\beta\tilde{x})v$ (23)
Nowa-Bangham Korobeinikov [8] $U$
$U( x)=x-\tilde{x}\log x+y-\tilde{y}\log y+\frac{1}{r}(v-\tilde{v}\log v)$
(23) (22) 3 $ary-(b+u\beta\hat{x})v+u\beta(\hat{x}-x)v$
$U$ (22)
$\frac{dU}{dt}=(1-\frac{\tilde{x}}{x})(\lambda-dx\beta xv)$
$+(1- \frac{\tilde{y}}{y})(\beta xv-ay)+\frac{1}{r}(1-\frac{\tilde{v}}{v})\{(ary-(b+u\beta\tilde{x})v)+(u\beta\tilde{x}v-u\beta xv)\}$
$=d \tilde{x}(2-\frac{\tilde{x}}{x}-\frac{x}{\tilde{x}})+\beta\tilde{x}\tilde{v}(3-\frac{\tilde{x}}{x}-\frac{\tilde{v}y}{v\tilde{y}}-\frac{\tilde{y}x\tilde{v}}{y\tilde{x}v})+\frac{u\beta}{r}(-xv+\tilde{x}v+x\tilde{v}-\tilde{x}\tilde{v})$
12
$- \frac{u}{r}(1-\frac{\tilde{x}}{x})(\lambda-dx-\beta xv)=-\frac{u}{r}(1-\frac{\tilde{x}}{x})(-d(x-\tilde{x})+\beta\tilde{x}\tilde{v}-\beta xv)$
$=- \frac{u}{r}d\tilde{x}(2-\frac{\tilde{x}}{x}-\frac{x}{\tilde{x}})+\frac{u\beta}{r}(-\tilde{x}\tilde{v}+xv+\frac{(\tilde{x})^{2}\tilde{v}}{x}-\tilde{x}v)$
$W$







$r>u(1+\beta\tilde{v}/d)$ $W$ (22) (Iggidr et al. [5])
(incidence function) mass action $g(x)v$ $g(x)$
Kajiwara and Sasaki [6] ODE
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